Some new inequalities with weakly singular integral kernel are developed, which generalize some known inequalities and can be used in the qualitative and quantitative analysis of the solutions to certain fractional differential equations.
Introduction
The well-known inequalities, such as the Gronwall type inequality, the Gronwall-Bellman type inequality, the Henry-Gronwall type inequality, the Henry-Bihari type inequality and their variants in retarded form played important roles in the research of quantitative analysis of the solutions to differential and integral equations, as well as in the modeling of engineering and science problems. Recently, with the development of fractional differential equations, integral inequalities with weakly singular kernels have drawn more attention [-] . In , Henry [] proposed a method to find solutions and proved some results concerning linear integral inequalities with a weakly singular kernel. In , Medved [] presented a new method to solve integral inequalities of Henry-Gronwall type and their Bihari version, then he got the explicit bounds with a quite simple formula, similar to the classic Gronwall-Bellman inequalities. Furthermore, he also obtained global solutions of the semilinear evolutions in [] .
In , Ye and Gao [] presented the integral inequalities of Henry-Gronwall type,
⎧ ⎨ ⎩ u(t) ≤ a(t) + t t  (t -s) β- [b(s)u(s) + c(s)u(s -r)] ds, t ∈ [t  , T), u(t) ≤ ϕ(t), t ∈ [t  -r, t  ).
In , Shao and Meng [] established Gronwall-Bellman type inequalities with a weakly singular integral
⎧ ⎨ ⎩ u(t) ≤ a(t) + t t  (t -s) β- b(s)u(s) ds + t t  (t -s) β- p(s)u γ (s -r) ds, t ∈ [t  , T), u(t) ≤ ϕ(t), t ∈ [t  -r, t  ).
In [], Feng and Meng studied the following Gronwall-Bellman type inequalities:
In , by using the modified Medved method, Ma and Pečarić [] studied the inequality
The aim of this paper was to give explicit bounds to some new nonlinear HenryGronwall type retarded integral inequalities with weakly singular integral kernel of the form
and Gronwall-Bellman type integral inequalities with nonlinear weakly singular integral kernel of the form
which can be used as handy and effective tools in the study of the delay fractional differential equations. We also give some examples to illustrate applications of our results.
Preliminary knowledge
In the following, R denotes the set of real numbers, N denotes the set of integer numbers,
For convenience, we give some lemmas which will be used in the proof of the main results.
Lemma . (Jensen's inequality) Let n ∈ N , a  , a  , . . . , a n be nonnegative real numbers. Then, for r > ,
Lemma . (see [] ) Let α, β, γ , and p be positive constants, then 
and
, and
Here r ∈ R + ,
where
then from Lemma ., the inequality (.) holds.
decreasing, and
Then from Lemma . we obtain, for any K > ,
and we have 
Lemma . ([]) Let a(t), b(t, s), b (t, s) be continuous and nonnegative. If u(t) ∈ C(I, R + ) and
u(t) ≤ a(t) + t t  b(t, s)u(s) ds, then u(t) ≤ a(t) + e t t  b(t,s) ds t t  e - τ t  b(τ ,s) ds a(τ )b(τ , τ ) + τ t  b τ (τ , s)a(s) ds dτ . (  .  )
Main results
We are now to deal with a certain class of Henry-Gronwall type retarded inequalities with weak integral kernels. 
Theorem . Let a(t), b(t), c(t) ∈ C(I, R
Using Lemma . for n = , r = , we obtain
Using Lemma ., we get (.).
(ii) By the hypothesis, we get
= , using the Hölder inequality by (.), we obtain
Using Lemma . for n = , r = q  , we have
By Lemma . we get (.). This completes the proof of Theorem .. 
Remark . If

Theorem . Suppose that u(t), a(t), b(t), c(t), d(t), f (t) are nonnegative continuous functions for t ∈ R + . Let p, m, q be constants with p
By Lemma ., from (.), for any K > , we have
Now we try to estimate A(t), B(t), and C(t).
=  for i = , . Using Hölder's inequality, Lemma ., and Lemma . we get
Similarly, we can get
From (.), (.), and (.) we get
Using Lemma . and (.) we can get
Here
By Lemma . we have 
